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RATIONAL INNER FUNCTIONS ON A SQUARE-MATRIX POLYBALL 


ANATOLII GRINSHPAN, DMITRY S. KALIUZHNYI-VERBOVETSKYI, VICTOR VINNIKOV, 

AND HUGO J. WOERDEMAN 

Dedicated to the blessed memory of Cora Sadosky, our dear friend and colleague. 

Abstract. We establish the existence of a finite-dimensional unitary realization for every 
matrix-valued rational inner function from the Schur-Agler class on a unit square-matrix 
polyball. In the scalar-valued case, we characterize the denominators of these functions. We 
also show that every polynomial with no zeros in the closed domain is such a denominator. 

One of our tools is the Koranyi-Vagi theorem generalizing Rudin’s description of rational 
inner functions to the case of bounded symmetric domains; we provide a short elementary 
proof of this theorem suitable in our setting. 


1. Introduction 

In this paper, we study rational inner functions on the Cartesian product of square-matrix 
Cartan’s domains of type I, i.e., on a unit square-matrix polyball, 

B = M llXtl x ••• xB 4x4 

= | Z= (Z (1 \..., Z (fc) ) G C 4x4 x • • • x C 4x4 : ||Z (r) || <1, r = l,...,kj. 

We can interpret points of B as block-diagonal matrices Z = ©t =1 ZM with ||Z|| < 1. 
Then B is a special case of domain Up defined by a matrix polynomial P as a set of z = 
(zi,...,Zd) G C d satisfying ||P(z)|| < 1 (see [21 3], Tl]); in this case, P — Z viewed as 
a polynomial in matrix entries z^\ i, j = l,...,£ r , r = 1,..., k, and d = Ylr=i^r- 
particular, B is a special case of a Cartesian product of (not necessarily square) matrix 
Cartan’s domains of type I (see [TH TO]). The distinguished (or Shilov) boundary of B 
consists of fc-tuples of unitary matrices, 

d s B = jz = (Z (1) ,..., Z {k) ) G C 4x4 x • • • x C 4x4 : Z {r) * Z {r) = /, r = 1,..., fcj, 

which can also be interpreted as a set of block-diagonal unitary matrices. Notice that the 
unit polydisk W l is a special case of a unit square-matrix polyball where k = d, and i r — 1 for 
r = 1,..., k. We consider matrix functions in variables z\d. We denote the corresponding d- 
tuple of variables by z and, for a function F, we identify F(z) = F(Z). An sxs matrix-valued 
function F is rational inner if each matrix entry F a p is a rational function in d variables zf^ 
which is regular in B , and F takes unitary matrix values at each of its regular points on 
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the distinguished boundary dsB. Notice that the zero variety of the least common multiple 
of the denominators of the rational functions F a p in their coprime fraction representation 
has an intersection with dsB of relative Lebesgue measure zero, which can be proved using 
an argument analogous to that of [6j Lemma 6.3]; thus almost all points of dsB are regular 
points of F. 

Define 

k 

Tz = {t = 0tM ; 

r= 1 

T (r) = [Tip]*j =1 , are commuting operators on a Hilbert space and ||T|| < 1 j. 
For T e Tz, the Taylor joint spectrum |19j °f T viewed as a multioperator 

(Tij )r=l,...,k;i,j=l,...,e r 

lies in the domain B , and for a matrix-valued function F analytic on B one can define F(T) 
by means of Taylor’s functional calculus [2D]; see [2] and a further discussion in [Jj. We 
say that an s x s matrix-valued function F analytic on B belongs to the Schur-Agler class 
SAz(C s ) associated with B , or rather with its defining polynomial P = Z, if its associated 
Agler norm, 

\\F\\a,z = sup ||F(T)|| 

Ter z 

is at most 1. In the scalar case, s = 1, we simply write SAz■ In the case of the unit 
polydisk O d , this class coincides with the classical Schur-Agler class SAd studied in the 
seminal paper of Agler [I]. Notice that SAz(<C s ) is a subclass of the Schur class iSz(C s ) of 
s x s matrix-valued contractive analytic functions on B. It follows from [2T]j and [3] that these 
classes do not coincide, i.e., the analog of von Neumann’s inequality fails when d > 2, unless 
B = O 2 . Moreover, rational inner functions, which obviously belong to the Schur class, do 
not necessarily belong to the Schur-Agler class: an example of a rational inner function on 
O 3 which is not Schur-Agler was given in [121 Example 5.1]. 

In Section [21 we give a characterization of scalar-valued rational inner functions on B 
in terms of their coprime fraction representation. In Section [3] we describe matrix-valued 
rational inner functions on B that belong to the associated Schur-Agler class as the functions 
that have a finite-dimensional unitary realization. In Section [4] we characterize eventual 
Agler denominators, i.e., those multivariable polynomials which can be represented as the 
denominators of scalar rational inner functions in the Schur-Agler class SAz, in terms of 
certain contractive determinantal representations. We also show that every polynomial with 
no zeros on the closed domain, B, is an eventual Agler denominator, and we end with several 
open questions. 


2. Scalar-valued rational inner functions 

For a polynomial p in d variables z^\ — — where d = Ylt=i ^ri we 

define its reverse with respect to B as 


k 

V(Z) = JJ(det Z^piZ*- 1 ), 

r =1 
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where t r is the total degree ofp in the variables z^\ i,j = 1,... ,£ r . We say that a polynomial 
p is ^-stable (resp., strongly B-stable) if p does not have zeros in B (resp., in B). 

The following result is a generalization of Rudin’s characterization of rational inner func¬ 
tions on the polydisk [18] to the case of a square-matrix polyball B. It appears in more 
generality in m Theorem 3.3], where Rudin’s theorem is extended to all bounded sym¬ 
metric domains. We provide a proof that applies to the specific setting of B , and therefore 
requires less machinery. 

Theorem 2.1. A scalar-valued function f on B is rational inner if and only if there exist a 
B-stable polynomial p and nonnegative integers m\, ..., ntik such that 

(2.1) / ( Z) = n( d e tZ «rT|). 

One can choose p to be coprime with *p . 

For the proof of Theorem 12.11 we will need the following proposition. 

Proposition 2.2. Let p be a B-stable polynomial, and suppose that \p(Z)\ = 1 for all Z G 
dsB. Then there exist nonnegative integers m\, ..., mk such that 

k 

p(Z) = JJ(detZ^) m y 

r= 1 

Proof. Notice that if is unitary for each r, then 

k 

(2.2) y(Z)p(Z) = n(detZ w )‘'. 

r— 1 

Since dsB is a uniqueness set for analytic functions (see, e.g., HI). we have that (j2.2]) holds 
for all Z = (Z^f ..., Z^) G x • • • x C £fcX W Since det is an irreducible polynomial 

in matrix entries zf^ (see, e.g., m Section 61]) we obtain that p(Z) = nr=i(d e t Z^) mr for 
some m r < t r , r — 1,..., k. □ 

Proof of Theorem \2.1[ The sufficiency of the representation (12. ip for / to be rational inner is 
clear. To prove the necessity, we first write / = q/p , with p and q coprime. Since / is analytic 
in B , we have that p is ^-stable. Next, for Z G dsB we have that q(Z)q(Z~ u ) = p(Z)p(Z~ 1 *). 
Hence the equality 

k k 

JJ(det Z ( ~ r) ) Tr q{Z)q{Z- 1 *) = JJ(det Z^) Tr p(Z)p{Z~ 1 *) 

r =1 r=l 

holds for every Z G dsB, where r r is the maximum of the total degrees in z^\ i,j = 1,..., £ r , 
in q and p. Then it also holds for all Z. Since q and p are coprime, p is a divisor of 
n!U(det ZW) T -g(Z- 1 *). Hence 

k 

u(Z)q(Z) = JJ(det Z^yrpiZ- 1 *), 

r— 1 
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for some polynomial u. Observe that \u(Z)\ = 1 on dsB. Then by Proposition 12.21 we obtain 
that u(Z) = nti( det Z^Y r , with some p r < r r , and 

k 

q{Z) = JJ(det Z^-^piZ- 1 *). 

r =1 

The latter equality implies that m r := r r — p r — t r > 0, where t r is the total degree of p in 
variables z^\ i, j = 1,..., l r . It follows that 

k 

q(Z) = U(d e tZ^f(Z), 

r =1 

and (12.11) holds. □ 

Remark 2.3. Proposition 12.21 and Theorem 12.II also hold when B is replaced by a Cartesian 
product of square-matrix Cartan’s domains of type II [H]. 

B sym = {Z = (Z« ..., Z«) e B: Z ( B = r = 1,..., k}, 

or by a Cartesian product of mixed type involving Cartan’s domains of types I and II. The 
proofs are similar after noticing that det Z^ as a polynomial in , i, j = 1,... ,£ r : i < j, 
is also irreducible when Z ^ = Z^ T - see, e.g., [71 Section 61]. 

3. Matrix-valued rational inner functions from the Schur-Agler class 

We now characterize matrix-valued rational inner functions on the unit square-matrix 
polyball B, which belong to the associated Schur-Agler class, in terms of their unitary 
realizations. This is a generalization of the result |5:, Theorem 2.1] for the unit polydisk 
W l which, in turn, is a matrix-valued extension of the result from |16j in the scalar-valued 
setting (see also an earlier paper [9] for the bidisk case). 

Theorem 3.1. An s x s matrix-valued function F on B is rational inner and belongs to the 
class SAz(C s ) if and only if F has a finite-dimensional unitary realization, i.e., there exist 
nonnegative integers n\, ..., and a unitary matrix 

'A B 
C D 

such that 

F(Z) = D + CZ n (I-AZ n )~ 1 B, 

where Z n = 0^ =1 (Z^ ®I nr ). If we write F = QP~ l , where P and Q are matrix polynomials 
of total degree at most g such that P*P = Q*Q on dsB, then n \,..., can be chosen so 
that n r < Z r s( 9+ ^ -1 ), r = 1,..., k. 

For the proof of Theorem 13.11 we will need the following proposition. Recall that a 
linear mapping C axa —y C bxb is said to be completely positive if, for every m G N, the 
mapping : (C axa ) mxm —» (C bxb ^mxm ( ] e p ne( ] by ($( m )(A))jj = $(210, i,j = 1 ,...,m, 
is positive, that is, it maps every positive semidehnite matrix A to a positive semidehnite 
matrix $M(A). 


£ (^(J2r=l^n r + s)x(Yir=l £ rnr + s) 
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Proposition 3.2 ([SJ Theorem 1]). Let <F: C axa —> C bx6 be a completely positive linear 
mapping. Then there exists Y G C a2fex6 so that <f>(X) = Y*(X <g) I a b)Y. 


Proof of Theorem \3 . 1[ The sufficiency part is analogous to that of |6J Theorem 6.1]. To 
prove the necessity, let F = QP , where P and Q are matrix polynomials of total degree 
at most g, P*P = Q*Q on dsB , and assume that F G SAz{ C s ). Then by [41 Theorem 1.5] 
there exist separable Hilbert spaces }C r and analytic functions H r on B with values linear 
operators from C s to C Er 0 JC r such that 

k 

P{wyp{z) - Q(W)*Q(Z) = Y Hriwy^l - W (r) *Z (r y 0 I Kr ^H r {Z), Z,WeB. 

r =1 


Letting Z 
(3.1) 


W 


tU where \t\ < 1 and U G dsB, we obtain 


P(tU)*P(tU) - Q(tU)*Q{tU) 

r 


k 

Y H r(tU)H r (tU). 

r =1 


Since P{tU)*P{tU) = Q(tU)*Q(tU) for all U = G d s B and |t| = 1, the 

numerator of the left-hand side of (13.11) is a polynomial in t and t which vanishes on the 
variety 1 — ft = 0. Therefore the left-hand side of (13.11) is a polynomial in t and t and a 
trigonometric polynomial in matrix entries u\j\ i,j = 1,... ,£ r , r — 1 ,k. Let P a and 
Q a be the coefficients of z a in the polynomials P and Q, respectively, and let H r ^ a be the 
coefficient of z a in the Maclaurin series for H r , where for z = (z ±,..., Zd) and a = (au,..., af) 
we set z a = zf 1 ■ ■ ■ zf d . Then the zeroth Fourier coefficient of the left-hand side of (13.11) as 
a trigonometric polynomial in variables u\ 3 is 

AppE( p » p *-wi 2k '' 


where |a| = «! + •• - + oid- Note that the preceding expression is a polynomial in |t| 2 of degree 
at most g — 1. The zeroth Fourier coefficient of the right-hand side of (13.lj) (for sufficiently 
small t), 

«iii 2W , 

r =1 a 


is therefore a polynomial in |t| 2 as well, and H* a H ra = 0 for |a| > g 
Consider now the completely positive map $ r : C erX£r —> C 


9+ rM 9+ r 


) defined 


via 


<F(X) = col| a |< 9 _i (H* a )(X 0 L/Cr) row |a|<s-i (H r>a ). 

Then by Proposition 13.21 we can ffiid matrices Y r G C a2bxb such that $ r (A) = Yf [X0 I a b)Y r , 
where a — t r and b = s( 9+ ^ 1 ). Writing Y r = row[ a |< fl _i(l^ a ), we can form a polynomial 

G r (Z)= Y Y r,aZ a 

with the coefficients in C CrTlrXS , where n r = so that 

H r (W)*((I-W^Z^)0l lc ^H r (Z) =G r (Wy((I-W {r >zY0ln r )G r (Z) 1 r = l,...,k, 
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and 


k 

(3.2) P(wyp(z) - Q(W)*Q(Z ) = ^G r (W)*((J - W (r) *Z (r) ) ® I n ^G r (Z). 

r =1 

Rearranging the terms in (13.21) . we obtain 

fc A: 

p(w)*p(z) + J2G r (wy(w^*z^ ® i nr ^G r (z) = q(w)*q(z) + J2 G r(wyG r (z). 

r =1 r=l 


Therefore 


yz^®i ni )Gyzy 


’Gi (zy 

(ZW ® I nk )G k {Z) 

h 1 —y 

G k (Z) 

l p(z) \ 


Lq(^)J 


is a linear and isometric map from the span of the elements on the left to the 

\A 

elements on the right. It may be extended (if necessary) to a unitary matrix „ 


span of the 
jj so that 


AZ n G(Z) + BP(Z) = G(Z) 
CZ n G(Z) + DP(Z) = Q(Z), 


for every Z; here Z n = 0^ = 1 (Z^ <g)/ nr ). Solving the first equation above for G(Z) and then 
plugging the result into the second equation yield 

F(Z) = Q(Z)P~ 1 (Z) = D + CZ n (I - AZ n )- l B. 


□ 


Remark 3.3. An analog of Theorem 13.11 with a similar proof, is also valid for Cartesian 
products of Cartan’s domains of type II or III [14] or for Cartesian products of mixed type 
involving Cartan’s domains of types I, II, and III. We recall here that a Cartan domain of 
type II (resp., Ill) is a (lower-dimensional) subset of a square-matrix Cartan’s domain of 
type I consisting of symmetric (resp., antisymmetric) matrices. 


4. Eventual Agler denominators 

(r) 

We will say that a polynomial v in z\y , i,j = 1,... ,£ r , r — 1,k, is almost self-reversive 
with respect to the square-matrix polyball B if v — 'yv, for some scalar 7 with |q| = 1 . 

We have the following generalization of a result that was announced in [b3j for the case of 
a unit polydisk. 

Theorem 4.1. Let p be a B-stable polynomial which is coprime with p . Then the following 
are equivalent: 

(i) p is an eventual Agler denominator, that is, there exist nonnegative integers s\,... ,Sk 
such that the rational inner function nti(det Z^) 8r *p(Z)/p(Z) is in the Schur- 
Agler class SAz- 

(ii) There exists an almost self-reversive polynomial v of multidegree (si,...,Sk) such 
that p(Z)v(Z) = det(/ — KZ n ) for some nonnegative integers n r , r = 1,..., k, and 
a contractive matrix K, where Z n = 

6 










Proof. (i)=^(ii) Let f(Z ) = nr=i(det (Z)/p(Z) be in SAz- By Theorem 13.11 there 

exists a /c-tuplc n = (n i ,... ,7ik) of nonnegative integers and a unitary matrix [q p] such 
that 

f(Z) = D + CZ n (I-AZ n )~ 1 B. 

Observe that 

'I - AZr, B 


det 


f(Z) = D + CZ n (I-AZ n )~ 1 B = 


-cz„ D 


and 


det 


I — AZ n B 
-CZ n D 


= det 


A B 
C D 


det 


A* O' 
B* 0 


det(J — AZ n ) 

Z Q n _° x ) = Adet (A*-Z n ), 


where A = det [cd\- Hence 


(4.1) 


IT(det z(r) ) Sr *P{Z) det(7 - AZ n ) = Ap(Z) det(A* - Z n ). 


r =1 


Since p is 71-stable and coprime with *p, the polynomials p and J]^ =1 (det Z^) Sr *p do not 
have common factors. Therefore p divides det(J — AZ n ), i.e., there exists a polynomial v so 
that 

p(Z)v(Z) = det (I-AZ n ). 

Then 

det Z n p(Z*~ 1 )v(Z*~ 1 ) = det (Z n — A*). 


Using (14.ip . we obtain 

k 


fj(det Z^) Sr< p{Z)p{Z)v(Z) = A JJ(det Z (r Y nr - degrP p( z ) < P{ z MZ*- 1 )(- 1) 


— 1V —1 N \Er=l tmr 


r =1 


r =1 


where deg r p is the total degree of p in the variables zA. After dividing out we see that v is 
almost self-reversive and s r = n r — deg r p — deg r u. Clearly, K = A is a contractive matrix. 

(ii)=>(i) Suppose there exists an almost self-reversive polynomial v such that p(Z)v(Z) = 
det(7 — KZ n ) with a contractive matrix K and a fc-tuple n = (n i,... ,nk) of nonnegative 
integers. Then by a straightforward modification of [I2l Theorem 5.2] the rational inner 
function 

IlJ =1 (det Z^) n ^p{Z*- 1 )v{Z*~ 1 ) 
p(Z)v(Z) 

is Schur-Agler. Since v is almost self-reversive, the rational inner function 


nlUdet zM) a ’- ies ' v p(Z- 1 ) 

W) 


is Schur-Agler, i.e., p is an eventual Agler denominator. 


□ 


Remark 4.2. An analog of Theorem 14. II is valid for a Cartesian product of Cartan’s domains 
of type II, i.e., for a domain £> sym , or for a Cartesian product of mixed type involving Cartan’s 
domains of types I and II; see Remark 12.31 and Remark 13.31 
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The following result is a generalization of [10] Corollary 3.2] formulated for the polydisk 
O d to the case of the square-matrix polyball B. 

Theorem 4.3. Every strongly B-stable polynomial is an eventual Agler denominator. 

Proof. By m Theorem 3.1] there exist a fc-tuple of nonnegative integers n = (ni,... ,nk) 
and a strictly contractive matrix K £ C^>-= 1 ^ nr ) x (^=i^ nr ) such that p{Z) = det (I — KZ n ), 
where Z n = <g)/ nr ). Then, similarly to the last paragraph in the proof of Theorem 

14.11 (with v = 1), one shows that p is an eventual Agler denominator. □ 

Corollary 4.4. Let f be a rational inner function on B which is regular on dsB. Then there 
exist nonnegative integers s \,..., Sk such that n* = i(det Z^) Sr f £ SAz- 

Proof. By Theorem 12. II there exists a stable polynomial p which is coprime with and such 
that (12. ip holds with some nonnegative integers mi,... ,m r . Since / is regular on dsB, the 
polynomial p is strongly ^-stable. By Theorem 14.31 p is an eventual Agler denominator. 
Therefore njL-Jdet Z^) Sr f £ SAz for some nonnegative integers Si,..., Sk- □ 

The question on whether the assumption of regularity of / on dgB in Corollary 14.41 can 
be removed is open. Another open question is whether Corollary 14.41 holds for matrix¬ 
valued rational inner functions. Finally, it is interesting to investigate the analogues of 
the results in this paper for the unbounded version of the domain B, i.e., the Cartesian 
product of matrix halfplanes. The Cayley transform over the matrix variables Z^ r \ r = 
1 ,,k, would allow one to obtain a finite-dimensional realization formula for rational inner 
functions on the product of matrix halfplanes; if, in addition, the Cayley transform over the 
values of a function is applied, then one can obtain the corresponding realization formula 
for rational Cayley inner functions over the product of matrix halfplanes (see [5] for the case 
of a polyhalfplane, i.e., the product of scalar halfplanes). We would also like to mention 
[ 15] where a subclass of Cayley inner functions on the product of matrix halfplanes, the 
Bessmertnyi class, was studied. 
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